We consider any noncontextuality inequality, and the state preparation scheme which consists in performing any von Neumann measurement on any initial state. For an inequality which is not always satisfied, and Hilbert space dimensions greater than a value specified by the inequality, we determine necessary and sufficient conditions for the existence of observables with which the inequality is violated after the preparation process. For an initial state with no zero eigenvalues, there are always such observables, and which are independent of this state.
drawbacks do not mean that violating a given noncontextuality inequality necessarily requires a very efficient state preparation. We consider the state preparation scheme which consists in starting from any initial state, and performing any von Neumann measurement. When the dimension d of the system Hilbert space is greater than a value, determined by the inequality, which is, e.g., 4 for CHSH inequality, and the inequality is a proper contextuality test, it cannot be violated after the preparation measurement, if only if a single outcome of this measurement has nonzero probability, and the inequality is always satisfied for the initial state. This exceptional case is easy to detect, and cannot occur if the ranks of the measurement projectors are lower than d minus a constant, specified by the inequality. This constant is equal to 2 for CHSH inequality, for example. Moreover, when the initial state has no zero eigenvalues, the inequality is necessarily violated after the preparation process, and with observables independent of this state.
A noncontextuality inequality, with N dichotomic observables A k , reads
where . . . =Tr(ρ . . .) denotes the average with respect to the quantum state ρ. The subsets E n ⊂ {1, . . . , N }, are such that [A k , A l ] = 0 when k and l both belong to E n . The number of terms in the sum and the coefficients x n depend on the inequality considered. A noncontextuality inequality is always satisfied when the observables A k are replaced by classical random variables a k = ±1, and the average is evaluated with respect to a probability distribution of these variables. Moreover, the coefficients x n are such that the maximum value of the left-hand side of eq.(1) with classical random variables, is 1. Thus, a violation of inequality (1) clearly indicates that the obtained value cannot be accounted for by a noncontextual hidden-variable theory. The states ρ of a d-level system, for which a given inequality (1) is violated with appropriate observables A k , are determined by the function C d defined as
where 
, where ω = ρ 1 − ρ 2 , and t i denotes the eigenvalues of T (A). Since
. Since this inequality is valid for any ρ 1 and U , the equality holds for any ρ 1 and U .
iii) By linearity of the trace,
From point i) of proposition 1, it ensues that, any state ρ such that C d (ρ) > 1, has a neighborhood of states which can violate eq.(1). Thus, no noncontextuality inequality can be disobeyed only for pure states. Points ii) and iii) show that applying unitary transformations to states ρ such that C d (ρ) ≤ 1, or preparing statistical mixtures of such states, cannot lead to a violation of inequality (1) . Another result of point ii) is that C d (ρ) depends only on the eigenvalues of the state ρ.
The convexity and invariance under unitary transformations of C d have the following consequence for positive operator-valued measurements. From now on, we use the notation
where ρ is a state, and F any operator such that F ρF † = 0, of a d-level system.
Corollary 1. For any state ρ, and operators
, which leads, with m∈E p m = 1, to the result.
In other words, for any measurement, at least one resulting state ρ m gives a value of C d which can exceed that of the initial state. However, this obviously does not guarantee that inequality (1) can be violated. In the following, we show conditions under which this is the case for von Neumann measurements, i.e., if the operators F m are projectors.
Below, we make use of the majorization relation, which is defined as follows. Consider two real d-component vectors a and b, and the vectors a ↓ and b ↓ obtained from a and b, respectively, by rearranging their components in decreasing order, i.e., a
, where the spectrum λ(A) is the vector made up of the eigenvalues of the Hermitian operator A, in decreasing order [18, 19] . The majorization relation is generalized to states of systems of different sizes, by extending with zeros the spectrum with less eigenvalues. The next proposition will be proved using the following lemma.
To investigate the influence of the Hilbert space dimension d, we define the application G : A ′ → A as follows. As mentioned above, for any noncontextuality inequality (1), there is (a 1 , . . . , a N ) such that a k = ±1 and n x n k∈En a k = 1. For any
′ , and by 
Proof. We first prove that
where (p 1 , . . . , p d ) [19] . Thus, using the lemma, we obtain Tr[ρT (
† |i i|U . Therefore, there isÃ ∈ A d such that the spectrum of T (Ã) is t, and its eigenvectors are identical to those of ρ. Hence,
, which gives the second inequality required to prove eq.(5).
Consider a stateρ ′ of a d-level system, with the same nonzero eigenvalues than ρ ′ . Since ρ ≻ ρ ′ , λ(ρ) ≻ λ(ρ ′ ). Thus, using the lemma and the form (5), we have t · λ(ρ 
, which, together with the above inequality, leads to the result.
For a von Neumann measurement, the resulting states ρ m = Π m ρΠ m /Tr(Π m ρ) where Π m are projectors and ρ is the initial state, have vanishing eigenvalues. To study their ability to violate inequality (1), it is convenient to define
where r ≤ d. Noting that C 
d , observables A k can be found to disobey eq. (1) or not, depending on the spectrum of ρ.
Since C
(1)
d increases with d, if inequality (1) is a contextuality test for a dimension d ′ , it is also so for dimensions
Thus, if eq. (1) can be violated for any state of a d ′ -level system, this is also the case for a larger system. The increase with d of C (r) d obviously does not guarantee that it exceeds 1 for large enough d. Below, we show that this is actually the case, under the only assumption that inequality (1) is not always satisfied, and draw consequences for von Neumann preparation measurements. 
Proof. We first show that C
, see eq.(6). Consider A ∈ A d , following from eq.(4), and denote by t the spectrum of T (A). We have
i) Since ρ m ≻ Π m /r m where r m is the rank of Π m , and r m ≤ r, proposition 2 gives
ii) There is m = 1 such that Tr(Π m ρ) = 0. The rank r m of ρ m is not larger than d − r ≤ d − d ′ + 1, and hence,
it results from proposition 3 that inequality (1) cannot be violated after the preparation measurement, only if a single outcome of this measurement has nonzero probability, and C d (ρ) ≤ 1 where ρ is the initial state. This last condition comes from the fact that the sole post-measurement state is equal to ρ. Proposition 3 concerns the post-measurement states ρ m , and the possibility to violate inequality (1) after one of them was selected. If, on the contrary, the measurement is unread, the state of the system after it, is ρ ′ = m Π m ρΠ m , which obeys ρ ≻ ρ ′ , due to quantum Hardy-Littlewood-Pólya theorem [21] . It follows from proposition 2, that eq. (1) is always obeyed for ρ d ′ > 1 is 4 for CHSH inequality [4] , and 3 for KCBS inequality [6] .
Proposition 3 ensures that, for any state ρ with no zero eigenvalues, and any von Neumann measurement, there are observables A k such that inequality (1) is violated for a post-measurement state ρ m , provided d ≥ 2d ′ − 3. Such observables A k depend a priori on ρ. We show below that some of them are determined only by the considered measurement and inequality. (1) can be achieved knowing only the subspace corresponding to the zero, or very small, eigenvalues of ρ, and choosing the preparation measurement, and observables A k , accordingly.
In summary, we have studied the possibility of preparing a state that violates a given noncontextuality inequality, by performing any von Neumann measurement on any initial state. For a large enough system, and an inequality which is not always satisfied, we have determined necessary and sufficient conditions for the existence of observables with which the inequality is violated for a state resulting from the preparation measurement. For an initial state with no zero eigenvalues, there are always such observables, and which do not depend on this state. A natural extension of this work is to consider, for the preparation stage, general measurements, for which only a partial result has been obtained.
